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Agenda

e Arithmetic for Computers
* Operations on integers
* Addition and subtraction
* Dealing with overflow
* Multiplication
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Efficient Processing

; P - A
o AT
W:?.l’ ‘.“ 0.‘ h' -__x
VS: 243 MM 5t
+0. 0000 AUTO_HIGH BEAN merget 1O 1 78 L
+00000 BUNDED 4
4 Q0000 RAINING
ROG0O0 TRE_SPRAY
0 '( 1 ROAD
- I 4

=

)

' : . -
. : — | —— - — - g )
Ly ! ,’”L—.z:-fl—-~-'*' ',
‘ M
L




Universitat
Bremen

Introduction

* Digital building blocks:

* Gates, multiplexers, decoders, registers, arithmetic circuits, counters, memory arrays,

logic arrays ooj) |
AND A OR NoT A >a 01 F1 AO CLK
A D: ' | _F2 D =
}F BD_F o - B Decoderig Al g_

* Building blocks demonstrate hierarchy, modularity, and rSeguIarity:

* Hierarchy of simpler components
* Well-defined interfaces and functions
* Regular structure easily extends to different sizes

* We’ll use these building blocks in next lectures to build a microprocessor



Universitat
Bremen

1-bit Adders

Half Full
Adder Adder
A B A B
S s One way to do it
A B Cout S Cm A B Cout S . s
> Cingin S >
0 0 0O O 0
0 1 0 0 1 Bialf Adder
1 0 o 1 o0 > Sf L—D Con
Ao 1 1 0 1 1 > Valf adder|
o XOR 0 S 1 0 0
I B S _ 1 O l u er
AND 0 Cout Cour = i 1 (i
Half Adder
S =
Cout =



Full (1-bit) Adder — Method 2

Add two bits and carry-in, produce one-bit sum and carry-out.

Truth Table

Rl PP ]O]JOCJO | O

Rl O|OCO ||, ]JO|O

RO L J|JO|R,r]|OjF|O

RO O|Fr |0, ]+~ |O

SN NCACR Y |

—”A&”B&Om
| (~A & B & ~Cin)
(A & ~B & ~Cin)
(A & B & Cin)

AN\

C...= (“A & B & Cin)
| (A & ~B & Cin)
HA&B&”OM
| (A& B & Cin)

]
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Multibit Adders

 Also called — Carry Propagate Adders (CPAs):

* Ripple-carry (slow)
* Carry-lookahead (CLA) (fast)
* Prefix (faster)

* Carry-lookahead and prefix adders faster for large adders but require
more hardware

A

B
o

Cout \-z Cin
N

S




Ripple Carry Adder

e Chain 1-bit adders together
e Carry ripples through entire chain
* Disadvantage: slow

Y

Delay depends on the

number of adders

A\|31 B|31 APO B|30 A|\l ?1 A|\O ?O
W VLU L TV g
/b30\ /b29 bl\ /bo\ /
| | | |
S S S S

1

0
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1-bit Full Adder

L = = O O O O

Revisiting the Truth Table

0

~ B O O + Fr O

R, O kP O L O K

R B, P, O Lk O O

No carry
No carry
No carry
Propagate
No carry
Propagate
Generate

Generate/
Propagate

Carry Generate =G,

Carry Propagate = P,
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1-bit Full Adder

L = = O O O O
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32-bit CLA with 4-bit Blocks

0

R B, O O B LB O

P O P O P O K,

R B, P, O Lk O O

No carry
No carry
No carry
Propagate
No carry
Propagate
Generate

Generate/
Propagate

B31:28 A31:28 B27:24 A27:24 B7:4 A7:4 B3:0 A3:0

Co

Carry Generate =G,
Carry Propagate = P

.....................................................................................................................

......................................................................................................................
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Carry Look-ahead Adder

* Compute C_, for k-bit blocks using generate and propagate
signals ,
* Some definitions: %E.ILSKLH g.ltogkm% {zlg.ltogkmc 43.&,%%

* Column i produces a carry out by either generating a carry out or |,
propagating a carry in to the carry out

* Calculate generate (G;,) and propagate (P,) signals for each column: e et et
* Generate: Column i will generate a carry out if A, and B, are both 1. S S S S
Gi -— AI' Bi Ceo E:
* Propagate: Column i will propagate a carry in to the carry out if A, or B, is 1. c.
Go
P;,=A; +B,
P3
* Carry out: The carry out of column i (C) is: CG@ - o2 C% b

C.=AB; +(A +B;)C.,=G.; +P,C,,

12
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Example — Propagate and Generate

No carry

* Examples: Column propagate and generate signals:
* Column propagate: P;=A; +B,
* Column generate: G.=A; B,

No carry

No carry

No carry
Propagate

Generate

-H-B-H-B0

0
0
0
1 Propagate
0
1
1
1

Generate/
Propagate

1011 Aso 1011 As.o
+ 0110 Bg;o + 1001 B3:O

C.=G; +P,C,,

13
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Block Propagate and Generate

* Now use column Propagate and Generate signals to compute Block
Propagate and Block Generate signals for k-bit blocks, i.e.:

 Compute if a k-bit group will propagate a carry in (of the block) to the carry
out (of the block)

 Compute if a k-bit group will generate a carry out (of the block)



Universitat
Bremen

Example

* Example: 4-bit blocks
* Block propagate signal: P,., (single-bit signal)
* A carry-in would propagate through all 4 bits of the block:

P3.0 = PsP,P,P,
* Examples:

1011 1011
+ 0100 + 0001
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Example

* Example: 4-bit blocks T TR
* Block propagate signal: P,., (single-bit signal) IR
* A carry-in would propagate through all 4 bits of the block:

UUVTDTD @UOITOITO
o7 TN W IV ILIE

Ps3.o = P3P,P,Py =K
* Examples: . |
Carry-out Carry-in Carry-out Carry-in
(C5) \ /(cl) (Cs) \ /(c.l)
1]]-(:;-]]-]:!- 23ICZIC11COIC-1 O?C])-]l_]]: 231C21C11C01c-1
3:0 3:0
+ 0100 Bs., + 0001 B3,
0000 S3.0 1101 S30
1111 Ps,P,,P1,P, 1011 P;,P,,P,,P,
0000 G;3,G,,G,,Gy 0001 G;,G,,G4,G
P3.0=P3P,P1Py=1 P3.0= P3P,P1P,=0

16
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Example cont

B3128A3128 BZ724A2724 B74 A7 B30 A30
* Example: 4-bit blocks {43@5&@743@5&]% %z'.z:;km : 43.@5;
* Block propagate signal: P, (single-bit signal)
* A carry-in would propagate through all 4 bits of the block ' B,
Cin
P 3:0~ P 3P ZP 1P 0 sL s‘z s S,
* Block generate signal: G, , (single-bit signal) Gao .
e Acarryis generated: 5
* incolumn 3, or EI
* in column 2 and propagated through column 3, or
P3
* in column 1 and propagated through columns 2 and 3, or C{]@ Pao C% P
. Cin P;
* in column 0 and propagated through columns 1-3 .

G;3,, =G5+ G,P; + G,P,P; + G,P,P,P;
G;,=G;+ P, [G,+P, (G, +P,G, )]
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Example cont ...

* Example: 4-bit blocks
* Block generate signal: G;., (single-bit signal)

* Acarryis: generated in column 3, or generated in column 2 and propagated through
column 3, or ...

G;.4 =G5+ G,P; + G,P,P; + G,P,P,P;

1001 1110 0110
+ 1100 + 0100 + 0010




Example cont ...

* Example: 4-bit blocks

* Block generate signal: G;., (single-bit signal)
e Acarryis: generated in column 3, or generated in column 2 and propagated through

column 3, or ...

G;.4 =G5+ G,P; + G,P,P; + G,P,P,P;

Carry-out
(C3)

Y

10011
1001

+ 1100

0110

1101
1000

G3o=1

Carry-out
(Gs)

G,GC,,C.,C,C 11000

A3 1110
Bsg _+0100

S3:0 0010

pP;,P,,P,,Py 1110

G3IGZIGIIGO 0100
G3o=1

Carry-out
(Gs)

G,G,,C.,6,Cy 01101

Az 0110
Bso _+0010

S3.0 1000

P;,P,,P,,Py 0110

G3IGZIGllGO 0010
G3=0
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Example cont ...

* Example: 4-bit blocks
* Block propagate signal: P54 (single-bit signal)
* A carry-in would propagate through all 4 bits of the block:
P3.0 = P3P, P1Pg
* Block generate signal: G, , (single-bit signal)
e Acarryis generated:
* incolumn 3, or
* in column 2 and propagated through column 3, or

* incolumn 1 and propagated through columns 2 and 3, or
* in column 0 and propagated through columns 1-3

G;3,, =G5+ G,P; + G,P,P; + G,P,P,P;
G;,=G;+ P, [G,+P, (G, +P,G, )]

C; =G +P;,0C,
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Example cont ...

* Example: Block propagate and generate signals for 4-bit blocks (P,
and G,.):

Ps., = P3P, PP,
G;,=G;+P;(G,+P, (G, +P,G,)
C; =Gz +P30C,



L] dréme
32-bit CLA with 4-bit Blocks

B31:28 A31:28 B27:24 A27:24 B7:4 A7:4 B3:0 A3:O

4-bit CLA| Cz|4-bit CLA
Block Block

C 4-bit it
I I
S7:4 S3:0

S31:08 So7.04

.......................................................................................................................

P
: —~ P, :
: -~ Cn p— :
; S 22
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CLA Addition

* Step 1: Compute G, and P, for all columns
e Step 2: Compute G and P for k-bit blocks

* Step 3: C., propagates through each k-bit propagate/generate logic
(meanwhile computing sums)

e Step 4: Compute sum for most significant k-bit block
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CLA Addition cont ...

* Step 1: Compute G, and P, for all columns

G, = A;B,
P,=A; + B,

24
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CLA Addition cont ...

* Step 1: Compute G, and P, for all columns
e Step 2: Compute G and P for k-bit blocks

P;., = P3P, P,P,
G;,=G;+P;(G,+P, (G, +P,G,)
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CLA Addition cont ...

* Step 1: Compute G, and P, for all columns
e Step 2: Compute G and P for k-bit blocks

* Step 3: C., propagates through each k-bit propagate/generate logic
(meanwhile computing sums)

31 28 31 28 27 24 27 24

4-bit CLAC,7|4-bit CLAC3 7|4-bit CL 3|4-bit CL
Block Block Block Block

31 28

26
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CLA Addition cont ...

* Step 1: Compute G, and P, for all columns
e Step 2: Compute G and P for k-bit blocks

* Step 3: C., propagates through each k-bit propagate/generate logic
(meanwhile computing sums)

e Step 4: Compute sum for most significant k-bit block




Universitat
Bremen

Carry-select Adder

* Redundant hardware to make carry calculation go faster Full adders can be
« Compute two high-order sums in parallel while waiting for carry-in replaced by Ripple carry
 One assuming carry-in is 0 and another assuming carry-in is 1 adder or Carry Look-ahead
* Select correct result once carry-in is finally computed oth have sameaiﬁgﬁtrsignals

Computation lBole l BllAl lelAz lleAs <+

with carry-in

(0
as 0 c..(0) Full | | Full | | Full | | Full

Adder Adder Adder Addez ut
Computation lBOlAO

B1lA1 leAz B3lA3
with carry-in \ 4 \ 4 \ 4

as1 G (1) | Full Full Full Full Cin
—> Bl > -
Adder Adder Adder Adder 5
| Actual carry-in from previous blocks

|
- ,
ce«xE 8/ \R 8/ \& 8/ \% &
Cin Cin Cin 28
S0 Sl SZ S3
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Integer Addition

e Example: 7+ 6

(1) (1) (0) < (Carries)
+7: 0 1 1 1
+6: 0 1 1 0
+13: 1 1 0 1

* Overflow if result out of range
* Adding +ve and —ve operands, no overflow

* Adding two +ve operands
* Overflow if result signis 1

e Adding two —ve operands
* Overflow if result signis 0
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Integer Addition - Overflow

 Example: 15+ 15

(1) (1) (1) < (Carries)
+15:1 1 1 1
+15:1 1 1 1
+30: 1 1 1 0

* Overflow if result out of range
* Adding +ve and —ve operands, no overflow

* Adding two +ve operands
* Overflow if result signis 1

e Adding two —ve operands
* Overflow if result signis 0
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Shifters

* Logical shifter: shifts value to left or right and fills empty spaces with
0’s
* Ex: 11001 >>2= 00110
* Ex: 11001 << 2= 00100

Can be used as
multipliers and
dividers

e Rotator: rotates bits in a circle, such that bits shifted off one end are
shifted into the other end

* Ex: 11001 ROR 2 =01110
e Ex: 11001 ROL 2 = 00111

31



Multiplication
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* Partial products formed by multiplying a single digit of the multiplier

with multiplicand

* Shifted partial products summed to form result

Decimal

230 multiplicand

X

460
+ 920

9660

230 x 42 = 9660

Another cool way to do the multiplication
https://en.wikipedia.org/wiki/Lattice multiplication

Binary

partial
products

+ 0000
0100011

5x7=35

32
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Slow 4-bit Multiplier

Multiplicand [«
: _ Shift left
Decimal Binary /
230 multiplicand 0101 Multiplier
X X <+ Shift right
460 partial 0101
+920 products 0101
9660 0101
+ 0000
result 0100011
—
230 x 42 = 9660 5x7=35 Product Control
write| Test

Initially O

33
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If the least significant bit of the multiplieris 1, add
the multiplicand to the product. If not, go to the next
step. Shift the multiplicand left and the multiplier
right in the next two steps. These three steps are
repeated 4 times.

4-bit Multiplier

Multiplicand |«
Shift left

Multiplier0 = 1

v

Add multiplicand to product and place
the result in Product register

Test
multiplierO

Multiplier

Shift right

Multiplier0 =0

—P Shift the Multiplicand register left 1 bit Sroduct Control
roduct .
write Test
v Bl
Shift the Multiplier register right 1 bit

Decimal Binary

230 multiplicand 0101

X X
460 artial 0101
tt? 5 +920 pfoducts 0101
repetition: No (repetitions < 4) 9660 0101
+ 0000

Yes (repetitions == 4) result 0100011

230 x 42 = 9660 5x7=35

34



Fast 4-bit Multiplier

e Uses multiple adders
* Cost/performance tradeoff

* Can be pipelined

e Parallel computation

A, A, A A
x B, B, B, B

1

0

0
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Y

A,B, A,B, A B, AB
ASBl AZBl AlBl AOBl

+

AsB, AB, AiB, AgB,

AsB; AB; AB; AjBg

0

P

7

Ps

P. P, P, P, P, P

5 4 3 2 1 0

A B

X

/N/S A A A A

P 3 2 1 0

T BBt
B AT Y
C /U0 0 )0
AR AV AV ARy
U100 ]0
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Fast Multipliers

* Array Multipliers
* Booth Multipliers
e Wallace Tree Multipliers

36
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