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Reference frames

Why do we need reference frames?
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Rotation matrices

x

y

pA = [1,−1]

A
x

y
pS = [1, 1]

S

We want to build a machine (function) that

takes a point in A coordinates and outputs same point in S coordinates.

We call this machine:
RSA

And it operates like this:
pS = RSA(pA)
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Rotation matrices

x

y

pA = [1,−1]

A
x

y
pS = [1, 1]

S
x

y

pA = [1,−1]
[1, 0]A

[0,−1]AA
x

y
pS = [1, 1]

[0, 1]S

[1, 0]SS
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Rotation matrices

x

y

pA = [1,−1]
[1, 0]A

[0,−1]AA
x

y
pS = [1, 1]

[0, 1]S

[1, 0]SS

We want to find the function that

pS = RSA(pA)

[
0
1

]
S

=

[
r11 r12
r21 r22

]
SA

[
1
0

]
A[

1
0

]
S

=

[
r11 r12
r21 r22

]
SA

[
0
−1

]
A

(1)
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Rotation matrices

Let’s do the first point first[
0
1

]
S

=

[
r11 r12
r21 r22

]
SA

[
1
0

]
A[

0
1

]
S

= 1
[
r11
r21

]
+ 0

[
r12
r22

]
[
0
1

]
S

=

[
r11
r21

]
Thus

r11 = 0

r21 = 1
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Rotation matrices

Let’s do now the second point[
1
0

]
S

=

[
r11 r12
r21 r22

]
SA

[
0
−1

]
A[

1
0

]
S

= 0
[
r11
r21

]
− 1

[
r12
r22

]
[
1
0

]
S

= −1
[
r12
r22

]
Thus

r12 = −1

r22 = 0
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Rotation matrices

Putting all r11 = 0, r21 = 1, r12 = −1, r22 = 0 we have:

RSA =

[
0 −1
1 0

]
Running now our (unit) test[

xS
yS

]
=

[
0 −1
1 0

]
SA

[
1
−1

]
A

By matrix multiplication xS = 1 and yS = 1. Which is pS = [1, 1]

x

y

pA = [1,−1]

A
x

y
pS = [1, 1]

S
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Rotation matrices

x

y

pA = [1, 1]

YA = [0, 1]

XA = [1, 0]

A
x

y

[YA]S = [−1, 0]

[XA]S = [0, 1]

S

From what we learned we can build matrices quicker[
r11 r12
r21 r22

]
SA

[
1
0

]
A

=

[
r11
r21

]
:= [XA]S

[
r11 r12
r21 r22

]
SA

[
0
1

]
A

=

[
r12
r22

]
:= [YA]S

RSA =

 ↑ ↑
[XA]S [YA]S
↓ ↓


RSA =

[
0 −1
1 0

]
Send unit impulses in A and seeing how they project in S
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Rotation matrices

We have built RSA. Now let’s build RAS

x

y
pS = [1, 1]

S

x

y
[XS ]A = [0,−1]

[YS ]A = [1, 0]

A

RAS =

 ↑ ↑
[XS ]A [YS ]A
↓ ↓


RAS =

[
0 1
−1 0

]
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Rotation matrices

Let’s look at both matrices

RSA =

[
0 −1
1 0

]

RAS =

[
0 1
−1 0

]
We observe that

RSA = RT
AS

Or the same as
RAS = RT

SA

Moreover we see that

RSARAS =

[
1 0
0 1

]
:= I

Why?
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Rotation matrices

We have that

RSA =

 ↑ ↑
[XA]S [YA]S
↓ ↓


Thus

RASRSA = RT
SARSA =

[
← [XA]S →
← [YA]S →

] ↑ ↑
[XA]S [YA]S
↓ ↓


Which is

RT
SARSA =

[
[XA]S · [XA]S [XA]S · [YA]S
[YA]S · [YA]S [YA]S · [YA]S

]
=

[
1 0
0 1

]
Where · is the dot product and we use these (easy to prove) facts:

• The dot product of a normalized vector with itself is 1.

• The dot product of two orthogonal vectors is 0.
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Rotation matrices

Passive vs. Active

Passive: Space remains the same but the frame of reference changes.

x

y
pS = [1, 1]

S

x

y

pA = [1,−1]

A

Active: Frame of reference remains the same but space changes.

x

y
pS = [1, 1]

S

x

y

pA = [1,−1]

S
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Rotation matrices

Generic rotation matrix for 2D

xs

ys

xa

ya

θ

S

RSA =

 ↑ ↑
[XA]S [YA]S
↓ ↓

 =

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]
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Rotation matrices

Extension to 3D

xA yA

zA

A

xC

yCzC

C

Let’s build RAC :

RAC =

 ↑ ↑ ↑
[XC ]A [YC ]A [ZC ]A
↓ ↓ ↓

 =

0 −1 0
0 0 −1
1 0 0


Making our test −1−1

1

 =

0 −1 0
0 0 −1
1 0 0

11
1


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Rotation matrices

Extension to translations

We have only rotated frames, and computed coordinates in rotated frames.

xA yA

zA
xC

yCzC

A

But we can also translate frames.
r11 r12 r13 tx
r21 r22 r23 ty
r31 r31 r33 tz
0 0 0 1


CA
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Extension to translations

What is t = [tx , ty , tz ]?

xW yW

zW

xC

yCzC

W

tW

[
RCW RCW (−tW )
03×1 1

]
CW
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Camera calibration

f xc

yc

zc
c

xw

yw

zw

w

pw = [Xw ,Yw ,Zw ]

pc = [Xc ,Yc ,Zc ]

V

U

[0,0] [uo , vo ]

[u, v ]
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Camera calibration

From our previous lecture we know:

f xc

yc

zc
c

pc = [Xc ,Yc ,Zc ]

V

U

[0,0] [uo , vo ]

[u, v ]

The pinhole camera model projects pc to the image plane using:uv
1

 =

λuλv
λ

 =

kuf 0 u0
0 kv f v0
0 0 1

Xc

Yc

Zc

 = K

Xc

Yc

Zc


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Camera calibration

uv
1

 =

λuλv
λ

 =

kuf 0 u0
0 kv f v0
0 0 1

Xc

Yc

Zc

 = K

Xc

Yc

Zc


To use homogenous points ([Xc ,Yc ,Zc , 1]) we extend K with a 0’s column

[K |0] =

kuf 0 u0 0
0 kv f v0 0
0 0 1 0


uv
1

 = [K |0] =

kuf 0 u0 0
0 kv f v0 0
0 0 1 0



Xc

Yc

Zc

1


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Camera calibration

f xc

yc

zc
c

xw

yw

zw

w

pw = [Xw ,Yw ,Zw ]
pc = [Xc ,Yc ,Zc ]

V

U

[0,0] [uo , vo ]

[u, v ]

From what we know now of affine transformations we can easily compute

Acw =

[
Rcw Tcw

0 1

]
(2)



25

Camera calibration

Putting all together we have intrinsics and extrinsics camera parameters

uv
1

 =

kuf 0 u0 0
0 kv f v0 0
0 0 1 0



r11 r12 r13 tx
r21 r22 r23 ty
r31 r31 r33 tz
0 0 0 1


CW


Xw

Yw

Zw

1


uv
1

 = [Kintrinsic|0]Mextrinsic

How do we obtain the internal and external parameters?
The main steps are:

• Obtain pairs of [Xw ,Yw ,Zw ] and [u, v ].

• Minimize the error between pairs.
There are multiple algorithms and openCV has an out-of-the-box solution.
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Camera calibration

How does it look in openCV?

Figure: Calibration pattern

Correspondence between a known object dimensions in 3D space and easy
to located coordinates in 2D image space.

https://docs.opencv.org/4.x/dc/dbb/tutorial_py_calibration.html
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Camera calibration

Applications of camera calibration:

• Distance measurement

• Pose estimation

• Drawing

• Image rectification

f xc

yc

zc
c

pc = [Xc ,Yc ,Zc ]

V

U

[0,0] [uo , vo ]

[u, v ]
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Image processing

From our previous lecture:

• Higher-level image processing might require binary images

• We can apply a threshold operation

• Per-color threshold operations can help us create classifiers.

• “How much red does our image has?”
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Image processing

We can also apply convolution operations to images

Convolutions apply the same operation in image patches

Figure: Convolution operation for image processing.
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Image processing

Figure: Extended convolution operation

http://cs231n.stanford.edu/
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Image processing

Figure: Haar features

https://docs.opencv.org/3.4/db/d28/tutorial_cascade_classifier.html
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Hough transform

If we we have a data point (xi , yi ) and a linear model:

yi = mxi + b

A point can be explained by an infinite amount of lines (m, b) ∈ R × R

b = −xim + yi

Vote in parameter space using an accumulator function.

Figure: Hough space (source)

https://sbme-tutorials.github.io/2021/cv/notes/4_week4.html
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Hough transform

Figure: Application of Hough transform

https://docs.opencv.org/3.4/d9/db0/tutorial_hough_lines.html
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Hough transform

If we we have a data point (xi , yi ) and a circle model:

(xi − a)2 + (yi − b)2 = r2

A point can be explained as circles (a, b) ∈ R × R

(a− xi )
2 + (b − yi )

2 = r2

Vote in parameter space using an accumulator function.

Figure: Hough space (source)

https://www.cis.rit.edu/class/simg782.old/talkHough/HoughLecCircles.html


36

1 Rotation matrices

2 Camera calibration

3 Image processing

4 Object recognition



37

Object recognition

Figure: Experiment setup [Shlens 2014]

https://arxiv.org/abs/1404.1100
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Object recognition

Figure: Experiment output [Shlens 2014]

Naive base coordinate description of a single sample

X =



xA
yA
xB
yB
xC
yC



https://arxiv.org/abs/1404.1100
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Object recognition

Figure: Experiment output [Shlens 2014]

However we have multiple samples:

X =



x1
A x2

A . . . xnA
y1
A y2

A . . . ynA
x1
B x2

B . . . xnB
y1
B y2

B . . . ynB
x1
C x2

C . . . xnC
y1
C y2

C . . . ynC



https://arxiv.org/abs/1404.1100
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Object recognition

We know that we only need one dimension.

Figure: Signal to noise [Shlens 2014]

Moreover orthogonality can represent noise.

Figure: Redudancy [Shlens 2014]

https://arxiv.org/abs/1404.1100
https://arxiv.org/abs/1404.1100
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Object recognition

We can transform our data X

X =



x1
A x2

A . . . xnA
y1
A y2

A . . . ynA
x1
B x2

B . . . xnB
y1
B y2

B . . . ynB
x1
C x2

C . . . xnC
y1
C y2

C . . . ynC


We can compute the redundancy (linear correlation) in the following way:

C =
1
n
XXT
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Object recognition

The explicit values of matrix C are as follows:

C =



x1
A x2

A . . . xnA
y1
A y2

A . . . ynA
x1
B x2

B . . . xnB
y1
B y2

B . . . ynB
x1
C x2

C . . . xnC
y1
C y2

C . . . ynC



x1
A y1

A x1
B y1

B x1
C y1

C

x2
A y2

A x2
B y2

B x1
C y1

C
...

...
...

...
...

...
xnA ynA xnB ynB x1

C y1
C



C =



xA · xA xA · yA xA · xB xA · yB xA · xC xA · yC
yA · xA yA · yA yA · xB yA · yB yA · xC yA · yC
xB · xA xB · yA xB · xB xB · yB xB · xC xB · yC
yB · xA yB · yA yB · xB yB · yB yB · xC yB · yC
xC · xA xC · yA xC · xB xC · yB xC · xC xC · yC
yC · xA yC · yA yC · xB yC · yB yC · xC yC · yC


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Object recognition

We want to find a base in which all diagonal are maximized.

σ =

∑
i (xi − µx)2

n
(3)

and all off diagonal elements are zero (how much x tells me about y).

cov(x , y) =
∑
i

(xi − µx)(yi − µy )
n

(4)

High correlation with x and y, imply I can discard one and use only the
other.
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Object recognition

We want a new basis where:

• Point to maximum variance (look where there is more change).

• Minimize linear correlation between values (remove redundancy).

• Basis vectors are orthogonal

In other words we want to diagonalize C.

Since the diagonal elements are variance and off-diagonal are covariance.
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Object recognition

So we want a matrix P such that Ĉ is diagonal (P is a change of basis)

Ĉ =
1
n
(PX )(PX )T

Ĉ =
1
n
(P(XXT )PT

Ĉ = P(
1
n
XXT )PT

Ĉ = PCPT

If we choose P to be equal to the eigenvectors of C i.e. E

P = E

Then Ĉ will be a diagonal matrix. Eigenvectors satisfy

PEi = λEi
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Object recognition

Ĉ = PCPT (5)

Assume
CEi = λiEi (6)

If we multiply by a basis vector ei = [0, . . . , 1, . . . , 0]

Ĉ ei = PCPT ei (7)

(The trick) if we choose of P to be

P =

← E1 →
...

← En →

 (8)

Then
PT ei = Ei (9)

Thus substituting 9 into 7

Ĉ ei = PCEi = PλiEi (10)
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From our eigenvector assumption

Ĉ ei = PλiEi (11)

Ĉ ei = λiPEi (12)

From our previous assumption in equation 9 we have ei = PEi thus:

Ĉ ei = λiei (13)

Thus Ĉ ei is a diagonal matrix (since all values not i are zero)

Mea culpa: If C is orthogonal then is orthogonally diagonziable i.e PTP = I . In
other words the vectors Ei are orthogonal
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Object recognition

So the final result is that if we want diagonalize C

C =



xA · xA xA · yA xA · xB xA · yB xA · xC xA · yC
yA · xA yA · yA yA · xB yA · yB yA · xC yA · yC
xB · xA xB · yA xB · xB xB · yB xB · xC xB · yC
yB · xA yB · yA yB · xB yB · yB yB · xC yB · yC
xC · xA xC · yA xC · xB xC · yB xC · xC xC · yC
yC · xA yC · yA yC · xB yC · yB yC · xC yC · yC


We should choose the basis vectors Ei to describe our new base

P =

← E1 →
...

← En →

 (14)
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Object recognition

Principal component analysis (PCA) algorithm:

• Get data

• Compute data mean

• Subtract mean from data

• Compute covariance matrix (C).

• Find base the minimizes correlation, looks for maximum variance.

• Remove base vectors with small variance

• Project data to new base
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Object recognition

What is a vector?

Figure: Image to vector

https://www.geeksforgeeks.org/ml-face-recognition-using-eigenfaces-pca-algorithm/
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Object recognition

Get a large amount of faces and compute the mean face

Figure: Mean face
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Object recognition

Subtract mean face from all faces and compute eigenvectors (eigenfaces) of
the covariance matrix.
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Object recognition

Now project any face to the eigenspace
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Additional material

• Computer Vision: Algorithms and Applications, 2nd ed.

• First principles of computer vision

• Deep Learning with Python

https://szeliski.org/Book/
https://fpcv.cs.columbia.edu/
https://www.manning.com/books/deep-learning-with-python


55

https://github.com/oarriaga/paz

Figure: PAZ examples

https://github.com/oarriaga/paz
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